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Nambu mechanics is a generalized Hamiltonian dynamics characterized by an extended
phase space and multiple Hamiltonians. In a previous paper [Prog. Theor. Exp. Phys.
2013, 073A01 (2013)] we revealed that the Nambu mechanical structure is hidden in
Hamiltonian dynamics, that is, the classical time evolution of variables including redun-
dant degrees of freedom can be formulated as Nambu mechanics. In the present paper,
we show that the Nambu mechanical structure is also hidden in some quantum or semi-
classical dynamics, that is, in some cases, the quantum or semiclassical time evolution
of expectation values of quantum mechanical operators including composite operators
can be formulated as Nambu mechanics. We present a procedure to find hidden Nambu
structures in quantum/semiclassical systems of one degree of freedom, and give two
examples: the exact quantum dynamics of a harmonic oscillator and semiclassical wave
packet dynamics. Our formalism can be extended to many-degrees-of-freedom systems,
however, there is a serious difficulty in this case due to interactions between degrees of
freedom. To illustrate our formalism, we present two sets of numerical results on semi-
classical dynamics, in a one-dimensional metastable potential model and a simplified
Henon–Heiles model of two interacting oscillators.
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1. Introduction
In 1973, Nambu proposed a generalization of the classical Hamiltonian dynamics [1], which
is nowadays referred to as the Nambu mechanics. In his formulation, the phase space
spanned by the canonical doublet (q, p) is extended to that spanned by N(≥ 3) variables
(x1, x2, ..., xN ), the Nambu N -plet, and the Hamilton’s equations of motion are generalized
to the Nambu equations. In order for the Liouville theorem to hold in the N -dimensional
extended phase space, the Nambu equations are defined by N − 1 Nambu Hamiltonians
and the Nambu bracket, an N -ary generalization of the Poisson bracket. The structure of
Nambu mechanics has impressed many authors, who have reported studies on its fundamen-
tal properties and possible applications, including quantization of the Nambu bracket [2–11].
However, the applications to date have been limited to particular systems, because Nambu
systems generally require multiple conserved quantities as Hamiltonians and the Nambu
bracket exhibits serious difficulties in systems with many degrees of freedom or quantization
[1, 2, 10].
In 2013, we proposed a new approach to Nambu mechanics [12]. We revealed that the
Nambu mechanical structure is hidden in a Hamiltonian system which has redundant degrees
c© The Author(s) 2012. Published by Oxford University Press on behalf of the Physical Society of Japan.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by-nc/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
of freedom. For example, in a Hamiltonian system with a Hamiltonian H(q, p), if we take
three variables as (x1, x2, x3) = (q, p, q
2), their classical time evolution can be given by N =
3 Nambu equations with two Hamiltonians F (x1, x2, x3) and G(x1, x2, x3). Here x3 = q
2
is a redundant degree of freedom in the original Hamiltonian system, and the Nambu
Hamiltonians are given by the original Hamiltonian F (x1, x2, x3) = H(q, p) and the con-
straint G(x1, x2, x3) = x3 − x
2
1 = 0, which is induced due to the consistency between the
three variables. We derived the consistency condition to determine the induced constraints.
In the present paper, we show that the Nambu mechanical structure is also hidden in
some quantum or semiclassical systems. The key idea is as follows. In our previous work,
the Nambu multiplet is given as a function of classical variables (q, p), and therefore the
induced constraints are always trivial, i.e., set to zero [12]. However, if we take the Nambu
multiplet as a set of expectation values of quantum mechanical operators including composite
operators (qˆ2, pˆ2, ...), the constraints become non-trivial because of quantum fluctuation.
Furthermore, if these constraints are constants of motion, the time evolution of the Nambu
multiplet could be given by the Nambu equations. For example, consider a classical system
with a Hamiltonian H(q, p) and a corresponding quantum system with the Hamiltonian Hˆ =
H(qˆ, pˆ). If we take three variables as (x1, x2, x3) = (q, p, q
2), the trivial constraint G = x3 −
x21 = 0 is induced. Then, if we replace these variables with (x1, x2, x3) = (〈qˆ〉, 〈pˆ〉, 〈qˆ
2〉), the
same function G = x3 − x
2
1 has a nonzero value in general because of quantum fluctuation.
Furthermore, in the case of frozen Gaussian wave packet dynamics [13], which is a dynamics
of a Gaussian wave packet with a fixed width σ, the function G = x3 − x
2
1 = σ
2 is constant
in time and therefore the quantum or semiclassical time evolution of the Nambu triplet can
be given by the N=3 Nambu equations with Nambu Hamiltonians F and G. Here F is equal
to or approximately equal to the expectation value of the Hamiltonian operator F = 〈Hˆ〉
or F ≃ 〈Hˆ〉. We present a general procedure to find the Nambu mechanical structure in
quantum or semiclassical systems of one degree of freedom with some specific examples. It
should be noted that our formulation is not a quantization of the Nambu bracket. We just
propose a prescription to describe ordinary quantum or semiclassical dynamics in a classical
Nambu mechanical manner.
The Nambu mechanical structure is hidden not only in one-degree-of-freedom systems. It
is straightforward to extend our formalism to many-degrees-of-freedom systems by extend-
ing the definition of the Nambu bracket. However, the resulting hidden Nambu mechanics
becomes pathological because in many-degrees-of-freedom systems the Nambu bracket does
not satisfy the fundamental identity, which is an important property of the Nambu bracket
and corresponds to the Jacobi identity in Hamiltonian dynamics [2, 10]. Without the Jacobi
identity the canonical transformation of the canonical doublet cannot be properly defined,
and the dynamics becomes anomalous [14]. Similarly, without the fundamental identity we
cannot define the canonical transformation of Nambu multiplets including their consistent
time evolution. The hidden Nambu mechanics in many-degrees-of-freedom systems is an
example of dynamics without the canonical structure.
The outline of this article is as follows. In Sect. 2, we briefly review our previous work
on the hidden Nambu mechanics in classical Hamiltonian systems [12]. As preparation for
the next section, we give a detailed description of some examples. In Sect. 3 we present a
procedure to find the Nambu mechanical structure hidden in some quantum or semiclassical
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dynamics. Two examples are given: the exact quantum dynamics of a harmonic oscillator
and the semiclassical nonlinear dynamics of a frozen Gaussian wave packet. In Sect. 4, we
give an extension of our formalism to many degrees of freedom. In Sect. 5, we present two
numerical results to illustrate our formalism: the semiclassical tunneling dynamics in a one-
dimensional metastable system and the semiclassical energy exchange dynamics between two
coupled oscillators in a simplified Henon–Heiles model. In the last section, we give conclusions
and discuss the direction of future work.
2. Hidden Nambu mechanics
We begin with a brief review of Hamiltonian dynamics, Nambu mechanics [1], and hidden
Nambu mechanics [12]. We describe two examples in detail to prepare for the next section.
In this and the next section, we consider only one-degree-of-freedom systems.
2.1. Hamiltonian dynamics
Hamiltonian dynamics is the classical dynamics of the canonical doublet (q(t), p(t)), which
is given by a Hamiltonian H = H(q, p) and the Poisson bracket defined by the 2-dimensional
Jacobian,
{A,B}PB ≡
∂(A,B)
∂(q, p)
=
∂A
∂q
∂B
∂p
−
∂A
∂p
∂B
∂q
, (1)
where A = A(q, p) and B = B(q, p) are any functions of the canonical doublet. The Poisson
bracket should satisfy the Jacobi identity,
{{A1, A2}PB, B}PB = {{A1, B}PB, A2}PB + {A1, {A2, B}PB}PB, (2)
where A1 = A1(q, p), A2 = A2(q, p), and B = B(q, p) are any functions. In terms of the
Poisson bracket, the Hamilton’s equation of motion for any function f = f(p, q) can be
written as
df
dt
= {f,H}PB. (3)
The time evolution according to this equation preserves the phase space volume because of
the divergenceless property,
∂
∂q
dq
dt
+
∂
∂p
dp
dt
=
∂
∂q
{q,H}PB +
∂
∂p
{p,H}PB = 0. (4)
This is the Liouville theorem in Hamiltonian dynamics.
2.2. Nambu mechanics
Nambu mechanics is a generalized Hamiltonian dynamics of N(≥ 3) variables (x1, x2, ..., xN )
[1]. In Nambu mechanics the canonical doublet is generalized to the Nambu N -plet, and the
Poisson bracket (Eq. (1)) is generalized to the Nambu bracket defined by means of the
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N -dimensional Jacobian,
{A1, A2, ..., AN}NB ≡
∂(A1, A2, ..., AN )
∂(x1, x2, ..., xN )
=
N∑
i1,i2,...,iN=1
εi1i2···iN
∂A1
∂xi1
∂A2
∂xi2
...
∂AN
∂xiN
, (5)
where Aa = Aa(x1, x2, ..., xN ) (a = 1, ..., N) are any functions of the Nambu multiplet and
εi1i2···iN is the N -dimensional Levi–Civita symbol, the antisymmetric tensor with ε12···N =
1. The Nambu bracket should satisfy the following fundamental identity [2], an N -ary
generalization of the Jacobi identity (Eq. (2)),
{{A1, ..., AN}NB, B1, ..., BN−1}NB =
N∑
a=1
{A1, ..., {Aa, B1, ..., BN−1}NB, ..., AN}NB, (6)
where Bb = Bb(x1, x2, ..., xN ) (b = 1, ..., N − 1) are any functions. In terms of the Nambu
bracket, the Nambu equation for any function f = f(x1, x2, ..., xN ) can be written as
df
dt
= {f,H1, ...,HN−1}NB, (7)
where Hb = Hb(x1, x2, ..., xN ) (b = 1, ..., N − 1) are Nambu Hamiltonians. The time evolu-
tion according to this equation preserves the N -dimensional phase space volume because of
the divergenceless property,
N∑
i=1
∂
∂xi
dxi
dt
=
N∑
i=1
∂
∂xi
{xi,H1, ...,HN−1}NB = 0. (8)
Therefore the Liouville theorem also holds in Nambu mechanics.
2.3. Hidden Nambu mechanics
Consider a Hamiltonian system of a canonical doublet (q, p) with a Hamiltonian H = H(q, p).
The key idea of hidden Nambu mechanics is to describe this system by means of N(≥ 3)
variables xi = xi(q, p) (i = 1, ..., N). We assume that at least N − 1 of {xi, xj}PB do not
vanish, so that the time evolution of any function f˜(x1, ..., xN ) = f(q, p) can be written via
the Hamilton’s equation of motion (Eq. (3)),
df˜
dt
=
df
dt
=
∂(f,H)
∂(q, p)
=
1
2
N∑
i,j=1
∂(f˜ , F )
∂(xi, xj)
{xi, xj}PB, (9)
where F (x1, ..., xN ) = H(q, p). We introduce the functions Gc = Gc(x1, ..., xN ) (c =
1, ..., N − 2) which satisfy the consistency conditions,
1
(N − 2)!
N∑
k1,...,kN−2=1
εijk1···kN−2
∂(G1, ..., GN−2)
∂(xk1 , ..., xkN−2)
= {xi, xj}PB. (10)
Then, Eq. (9) can be rewritten as the Nambu equation in the form of Eq. (7),
df˜
dt
= {f˜ , F,G1, ..., GN−2}NB, (11)
4/18
where we have used the formula concerning Jacobians,
∂(A1, A2, ..., AN )
∂(x1, x2, ..., xN )
=
1
2(N − 2)!
N∑
i1,...,iN=1
εi1···iN
∂(A1, A2)
∂(xi1 , xi2)
∂(A3, ..., AN )
∂(xi3 , ..., xiN )
. (12)
The functions Gc are constants in motion and can be set to zero by redefining Gc. This
is a natural choice because the functions Gc work as constraints for the Nambu multiplet
(x1, x2, ..., xN ). We refer to Gc = 0 as induced constraints, because they are induced by
enlarging the phase space from (q, p) to (x1, x2, ..., xN ).
2.4. Examples
Here we present detailed descriptions of two simple examples to show how induced con-
straints are obtained for given multiplets. We adopt the same choice of N -plets in the next
section. Finally we comment on the functional forms of the Nambu Hamiltonians.
(a) N = 3: classical harmonic oscillator
Consider three composite variables of the canonical doublet,
x1 = q
2, x2 = p
2, x3 = qp, (13)
which satisfy the following relations:
{x1, x2}PB = 4x3, {x2, x3}PB = −2x2, {x3, x1}PB = −2x1. (14)
Then, the conditions (Eq. (10)) become
∂G
∂x1
= −2x2,
∂G
∂x2
= −2x1,
∂G
∂x3
= 4x3, (15)
and G is solved as G = 2x23 − 2x1x2 + C with a constant C. Redefining G to eliminate the
constant, we obtain the induced constraint
G(x1, x2, x3) = 2x
2
3 − 2x1x2 = 0. (16)
As an example of the dynamics of the Nambu triplet (Eq. (13)), consider a one-dimensional
harmonic oscillator whose Hamiltonian is given by
H(q, p) =
1
2m
p2 +
mω2
2
q2. (17)
The Hamilton’s equations of motion for the triplet are as follows:
d
dt
q2 =
2
m
qp,
d
dt
p2 = −2mω2qp,
d
dt
(qp) =
1
m
p2 −mω2q2. (18)
Let us derive these equations from the N = 3 Nambu equations with two Nambu Hamilto-
nians (F,G). One of the Hamiltonians, F , is equal to the original Hamiltonian H(q, p) (Eq.
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(17)),
F (x1, x2, x3) = H(q, p) =
1
2m
x2 +
mω2
2
x1, (19)
and the other Hamiltonian, G, is given by the induced constraint (Eq. (16)). The N = 3
Nambu equations are
d
dt
xi =
∂(xi, F,G)
∂(x1, x2, x3)
, (20)
and each equation is given by
d
dt
x1 =
2
m
x3,
d
dt
x2 = −2mω
2x3,
d
dt
x3 =
1
m
x2 −mω
2x1. (21)
These equations are equivalent to the Hamilton’s equations of motion (Eq. (18)).
(b) N = 4: classical nonlinear systems
Consider four variables, two of them being composites,
x1 = q, x2 = p, x3 = q
2, x4 = p
2, (22)
which satisfy the following relations:
{x1, x2}PB = 1, {x1, x3}PB = 0, {x1, x4}PB = 2x2,
{x2, x3}PB = −2x1, {x2, x4}PB = 0, {x3, x4}PB = 4x1x2. (23)
Then, the conditions (Eq. (10)) become
∂(G1, G2)
∂(x1, x2)
= 4x1x2,
∂(G1, G2)
∂(x1, x3)
= 0,
∂(G1, G2)
∂(x1, x4)
= −2x1,
∂(G1, G2)
∂(x2, x3)
= 2x2,
∂(G1, G2)
∂(x2, x4)
= 0,
∂(G1, G2)
∂(x3, x4)
= 1, (24)
and G1 and G2 are given by G1 = x3 − x
2
1 + C1 and G2 = x4 − x
2
2 +C2, where C1 and C2
are constants. By redefining G1 and G2, we obtain the induced constraints
G1 = x3 − x
2
1 = 0, (25)
G2 = x4 − x
2
2 = 0. (26)
As an example of the dynamics of the Nambu quartet (Eq. (22)), consider a one-
dimensional nonlinear system whose Hamiltonian is given by
H(q, p) =
1
2m
p2 + V (q), (27)
where V (q) is an anharmonic potential. The Hamilton’s equations of motion for the quartet
are written as follows:
d
dt
q =
1
m
p,
d
dt
p = −
∂V
∂q
,
d
dt
q2 =
2
m
qp,
d
dt
p2 = −2p
∂V
∂q
. (28)
Let us derive these equations from the N = 4 Nambu equations with three Nambu Hamil-
tonians (F,G1, G2). One of the Hamiltonians, F , is equal to the original Hamiltonian
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H(q, p),
F (x1, x2, x3, x4) = H(q, p) =
1
2m
x4 + V˜ (x1, x3), (29)
where V˜ (x1, x3) = V (q). The other two Hamiltonians, G1 and G2, are given by the induced
constraints (Eqs. (25)–(26)). The N = 4 Nambu equations are
d
dt
xi =
∂(xi, F,G1, G2)
∂(x1, x2, x3, x4)
, (30)
and each equation is given by
d
dt
x1 =
1
m
x2,
d
dt
x2 = −
∂V˜
∂x1
− 2x1
∂V˜
∂x3
,
d
dt
x3 =
2
m
x1x2,
d
dt
x4 = −2x2
∂V˜
∂x1
− 4x1x2
∂V˜
∂x3
. (31)
These equations are equivalent to the Hamilton’s equations of motion (Eq. (28)).
Some comments
Here we make some comments on the functional forms of Nambu Hamiltonians. In some
cases, the functional form of (G1, ..., GN−2) cannot be determined uniquely. For example,
for (x1, x2, x3, x4) = (q, p, q
2, q3), one of the Poisson bracket in the consistency condition (Eq.
(10)) is given by {x2, x4}PB = {p, q
3}PB = −3q
2. This can be expressed as either {x2, x4}PB =
−3x21 or −3x3, which leads to G2 = x4 − x
3
1 or x4 − 3x3x1 + 2x
3
1, respectively. Although we
can choose either expression in classical mechanics, we must choose the latter expression
{x2, x4}PB = −3x3 in quantum or semiclassical mechanics. As shown in the next section, we
must express the Poisson brackets in the consistency condition (Eq. (10)) using variables of
the highest order possible.
Also, in some cases we cannot uniquely determine the functional form of the Hamiltonian
F in classical mechanics. In the next section we present a prescription to determine the
functional form of F in quantum or semiclassical systems.
3. Hidden Nambu mechanics in quantum/semiclassical systems
3.1. Quantum/semiclassical dynamics
Consider a quantum system of a doublet (qˆ, pˆ) with a Hamiltonian operator
Hˆ = H(qˆ, pˆ) =
1
2m
pˆ2 + V (qˆ). (32)
The dynamics of a quantum operator Aˆ = A(qˆ, pˆ) is given by the Heisenberg equation,
d
dt
Aˆ(t) =
1
i~
[
Aˆ(t), Hˆ
]
=
1
i~
(
Aˆ(t)Hˆ − HˆAˆ(t)
)
. (33)
In this work we focus on the dynamics of the expectation value of the quantum operator,
〈Aˆ(t)〉 = 〈ψ|Aˆ(t)|ψ〉, where |ψ〉 is a quantum state. The time evolution of 〈Aˆ(t)〉 is given by
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taking the expectation value of both sides of the Heisenberg equation,
d
dt
〈Aˆ(t)〉 =
1
i~
〈
[
Aˆ(t), Hˆ
]
〉. (34)
This equation gives the exact quantum dynamics, and we can consider several approximated
dynamics. The lowest order approximation is simply the classical Hamiltonian dynamics,
d
dt
〈qˆ〉 =
∂
∂〈pˆ〉
H(〈qˆ〉, 〈pˆ〉),
d
dt
〈pˆ〉 = −
∂
∂〈qˆ〉
H(〈qˆ〉, 〈pˆ〉). (35)
A systematic approximation scheme to derive higher order semiclassical dynamics, the
quantized Hamiltonian dynamics [15, 16], has been developed.
In quantum or semiclassical systems, there might exist conserved quantities other than
〈Hˆ〉 = 〈H(qˆ, pˆ)〉, the expectation value of the original Hamiltonian. Moreover, in some cases,
such conserved quantities might be identified as the constraints Gc in the hidden Nambu
mechanics. This means that the Nambu structure could be hidden in quantum or semi-
classical systems with non-trivial constraints Gc 6= 0, which are trivial (Gc = 0) in classical
systems.
3.2. How to find the hidden Nambu structure
The procedure to find the Nambu structure hidden in quantum or semiclassical systems is
as follows.
Step (1) Start from a classical system of a canonical doublet (q, p) with a Hamiltonian
H(q, p). Choose a Nambu N -plet (x1, x2, ..., xN ) and determine the functional form of N − 2
trivial constraints (G1, G2, ..., GN−2) by means of the consistency conditions (Eq. (10)),
where the Poisson brackets are represented in terms of variables of the highest order possible.
Step (2) Consider a quantum system of a doublet (qˆ, pˆ) with a Hamiltonian Hˆ = H(qˆ, pˆ)
(Eq. (32)) which corresponds to the classical Hamiltonian H(q, p). Replace the Nambu
N -plet with the corresponding expectation values of quantum operators. For example,
x1 = q
2 → 〈qˆ2〉.
Step (3) Determine the functional form of F (x1, x2, ..., xN ) by representing 〈Hˆ〉 as a func-
tion of the Nambu N -plet. If 〈Hˆ〉 includes an expectation value 〈Oˆ〉 which is not a member
of the Nambu N -plet, we reduce 〈Oˆ〉 to a function of the Nambu N -plet by means of the
zero-cumulant approximation that ignores the cumulant,
〈Oˆ〉c ≃ 0. (36)
For example, for (x1, x2, x3) = (〈qˆ〉, 〈pˆ〉, 〈qˆ
2〉), if 〈Hˆ〉 includes 〈qˆ4〉, it is approximated as
〈qˆ4〉 ≃ 3〈qˆ2〉2 − 2〈qˆ〉4 = 3x23 − 2x
4
1 by means of 〈qˆ
4〉c ≃ 0 followed by 〈qˆ
3〉c ≃ 0.
Step (4) The other Nambu Hamiltonians Gc (c = 1, ..., N − 2) are given by the same func-
tional forms as the trivial constraints. They are in general non-trivial, Gc 6= 0, because of
quantum fluctuation.
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Step (5) If the quantities (F,G1, ..., GN−2) are all conserved in quantum or some semiclas-
sical dynamics, the dynamics of the Nambu N -plet can be cast into the Nambu form (Eq.
(11)).
The zero-cumulant approximation is similar to the approximation adopted in the quantized
Hamiltonian dynamics [15]. However, it is not the only approximation for the Hamiltonian
F in the hidden Nambu mechanics. It is also possible to consider an approximation that
ignores the quantum fluctuation, for example, 〈(qˆ − 〈qˆ〉)n〉 ≃ 0. As for the example shown in
the Step (3), this approximation leads to 〈qˆ4〉 ≃ 6〈qˆ2〉〈qˆ〉2 − 5〈qˆ〉4 = 6x3x
2
1 − 5x
4
1.
Resulting Nambu equations for quantum/semiclassical systems are same as the ones for
classical systems, and quantum properties are introduced through nonzero constraintsGc 6= 0
(c = 1, ..., N − 2). This might imply that the replacement
Gc = 0 → Gc = Cc, (37)
where Cc are nonzero constants, could be regarded as a kind of ”quantization” scheme for
the Nambu mechanics. However, as opposed to various attempts to quantize the Nambu
mechanics proposed so far [3–6, 10], this replacement only gives a scheme to quantize the
hidden Nambu mechanics. Furthermore, this replacement is incomplete even as a quantiza-
tion scheme for the hidden Nambu mechanics, because the constants Cc in general depend
on the models and the initial conditions. Therefore the procedure presented here is not
for quantizing the Nambu mechanics, but just for finding the hidden Nambu structures in
quantum/semiclassical systems.
Resulting hidden Nambu mechanics is a volume preserving dynamics of the expectation
values of the quantum operators. If the Nambu multiplet includes the variables (〈qˆ〉, 〈pˆ〉), the
Nambu mechanics can be regarded as a kind of the quantized Hamiltonian dynamics [15]. In
some cases, such Nambu mechanics can be reduced to the effective Hamiltonian dynamics
by explicitly solving the constraints Gc 6= 0. In the next subsection we will see an example
of such reduction.
3.3. Examples
Here we present two examples; one is an example of exact quantum dynamics and the other
is semiclassical. In the latter example, resulting Nambu mechanics can be reduced to the
Hamiltonian dynamics with the effective Hamiltonian. They correspond to the examples
shown in Sect. 2.4, and therefore we will show the procedure after Step (2).
(a) N = 3: quantum harmonic oscillator
Consider three expectation values which correspond to the Nambu triplet (Eq. (13)),
x1 = 〈qˆ
2〉, x2 = 〈pˆ
2〉, x3 = 〈(qˆpˆ)s〉 = 〈
(
qˆpˆ+ pˆqˆ
2
)
〉. (38)
The quantum Hamiltonian of a one-dimensional harmonic oscillator is given by
Hˆ = H(qˆ, pˆ) =
1
2m
pˆ2 +
mω2
2
qˆ2. (39)
Then, one of the Nambu Hamiltonians, F , can be obtained without any approximation,
F (x1, x2, x3) = 〈Hˆ〉 =
1
2m
〈pˆ2〉+
mω2
2
〈qˆ2〉 =
1
2m
x2 +
mω2
2
x1. (40)
9/18
The other Nambu Hamiltonian, G, is given by the same functional form as Eq. (16),
G(x1, x2, x3) = 2x
2
3 − 2x1x2, (41)
which is nonzero in general due to quantum fluctuation. We can see that both F and G are
conserved in the exact quantum dynamics,
d
dt
〈qˆ2〉 =
2
m
〈(qˆpˆ)s〉,
d
dt
〈pˆ2〉 = −2mω2〈(qˆpˆ)s〉,
d
dt
〈(qˆpˆ)s〉 =
1
m
〈pˆ2〉 −mω2〈qˆ2〉. (42)
The Nambu equations (Eq. (21)) are equivalent to these exact equations, that is, the Nambu
structure is hidden in the exact quantum dynamics of a harmonic oscillator.
(b) N = 4: semiclassical nonlinear systems
Consider four expectation values which correspond to the Nambu quartet (Eq. (22)),
x1 = 〈qˆ〉, x2 = 〈pˆ〉, x3 = 〈qˆ
2〉, x4 = 〈pˆ
2〉. (43)
The quantum Hamiltonian of a one-dimensional nonlinear system is given by Hˆ = H(qˆ, pˆ)
(Eq. (32)) with an anharmonic potential Vˆ = V (qˆ). The Nambu Hamiltonian F can be
obtained as an approximation of 〈Hˆ〉,
〈Hˆ〉 =
1
2m
〈pˆ2〉+ 〈V (qˆ)〉 ≃
1
2m
x4 + V˜ (x1, x3) = F (x1, x2, x3, x4), (44)
where the functional form of the reduced potential V˜ (x1, x3) is uniquely determined by
means of the zero-cumulant approximation (Eq. (36)). The other Nambu Hamiltonians are
given by the same functional forms as Eqs. (25)–(26), G1 = x3 − x
2
1 and G2 = x4 − x
2
2, which
are nonzero in general due to quantum fluctuation. We can see that all of F , G1 and G2 are
conserved in the following approximated dynamics:
d
dt
〈qˆ〉 =
1
m
〈pˆ〉,
d
dt
〈pˆ〉 = 〈−
∂Vˆ
∂q
〉 = f ≃ f˜(〈qˆ〉, 〈qˆ2〉),
d
dt
〈qˆ2〉 =
2
m
〈(qˆpˆ)s〉 ≃
2
m
〈qˆ〉〈pˆ〉,
d
dt
〈pˆ2〉 = 2〈(−
∂Vˆ
∂q
pˆ)s〉 ≃ 2f˜(〈qˆ〉, 〈qˆ
2〉)〈pˆ〉, (45)
where f˜ is determined by the zero-cumulant approximation (Eq. (36)) if necessary. This is a
semiclassical dynamics which corresponds to the lowest order of the quantized Hamiltonian
dynamics [16]. We can also see that the N = 4 Nambu equations (Eq. (31)) are equivalent
to these semiclassical equations, that is, the Nambu structure is hidden in the semiclassical
nonlinear dynamics.
This semiclassical dynamics can be regarded as the frozen Gaussian wave packet dynamics
[13], where the quantum wave function is approximated by a Gaussian wave packet with a
constant width σ,
ψFG(q, t) = 〈q|ψFG(t)〉 =
(
1
2piσ2
) 1
4
exp
[
−
1
4σ2
(q − qc(t))
2 +
i
~
pc(t)(q − qc(t))
]
. (46)
Here qc is the center of the wave packet and pc is that in momentum space. The time evolution
of the variables (qc, pc) can be determined by means of the time dependent variational
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principle [17],
δ
∫ tf
ti
dt 〈ψFG(t)|
(
i~
d
dt
− Hˆ
)
|ψFG(t)〉 = 0, (47)
by taking the frozen Gaussian wave function (Eq. (46)) as a trial function. The resulting vari-
ational equations are semiclassical equations which have the same forms as the Hamilton’s
equations of motion (Eq. (3)),
d
dt
qc =
∂Hc
∂pc
,
d
dt
pc = −
∂Hc
∂qc
. (48)
Here Hc(qc, pc) = 〈ψFG|Hˆ|ψFG〉 is the effective Hamiltonian modified by the quantum
correction.
Evaluating the expectation values (Eq. (43)) by means of the state |ψFG(t)〉, we obtain
x1 = 〈qˆ(t)〉 = 〈ψFG(t)|qˆ|ψFG(t)〉 = qc, x2 = pc, x3 = q
2
c − σ
2, and x4 = p
2
c − ~
2/(4σ2). Then,
G1 and G2 are given by
G1 = x3 − x
2
1 = σ
2, (49)
G2 = x4 − x
2
2 =
~
2
4σ2
. (50)
Using these non-trivial constraints, we can show that the Nambu Hamiltonian F (Eq. (44))
is equivalent to Hc(qc, pc). This is because the zero-cumulant approximation for the Nambu
quartet (Eq. (43)) is exact in the case of the frozen Gaussian wave packet. Using Eqs. (49)–
(50), we can also show that the Nambu equations (Eq. (31)) are reduced to the variational
equations (Eq. (48)). That is, the Nambu structure is hidden in the semiclassical dynamics
of the frozen Gaussian wave packet. In Sect. 5.1, we present a numerical demonstration of
the semiclassical tunneling dynamics in a metastable system.
4. Many-degrees-of-freedom extension
It is straightforward to extend our formalism to many-degrees-of-freedom systems. How-
ever, the resulting classical or quantum/semiclassical hidden Nambu mechanics becomes
pathological, because the Nambu bracket itself has a serious problem in interacting systems
[1, 2, 10].
4.1. Difficulties in the Nambu bracket
Consider a Hamiltonian system of n canonical doublets (q(1), p(1), ..., q(n), p(n)). The Hamil-
ton’s equation of motion can be written in the same form as Eq. (3) by extending the
definition of the Poisson bracket (Eq. (1)),
{A,B}PB ≡
n∑
α=1
∂(A,B)
∂(q(α), p(α))
=
n∑
α=1
(
∂A
∂q(α)
∂B
∂p(α)
−
∂A
∂p(α)
∂B
∂q(α)
)
, (51)
where A and B are any functions of the 2n variables. Since the dynamics is divergenceless,
∂
∂q(α)
d
dt
q(α) +
∂
∂p(α)
d
dt
p(α) =
∂
∂q(α)
{q(α),H}PB +
∂
∂p(α)
{p(α),H}PB = 0, (52)
the Liouville theorem holds. This Poisson bracket (Eq. (51)) satisfies the Jacobi identity (Eq.
(2)) and therefore we can define canonical transformations of the 2n variables in a consistent
manner.
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On the other hand, the Nambu mechanics has a problem in the many-degrees-of-freedom
extension. Consider a system of n Nambu N -plets (x
(1)
1 , ..., x
(1)
N , ..., x
(n)
1 , ..., x
(n)
N ). The time
evolution of the N × n variables can be given by the same form as Eq. (7) by extending the
definition of the Nambu bracket (Eq. (5)),
{A1, A2, ..., AN}NB ≡
n∑
α=1
∂(A1, A2, ..., AN )
∂(x
(α)
1 , x
(α)
2 , ..., x
(α)
N )
=
n∑
α=1
N∑
i1,i2,...,iN=1
εi1i2···iN
∂A1
∂x
(α)
i1
∂A2
∂x
(α)
i2
...
∂AN
∂x
(α)
iN
, (53)
where Aa (a = 1, ..., N) are any functions of the N × n variables. Because of the divergence-
less property,
N∑
i=1
∂
∂x
(α)
i
d
dt
x
(α)
i =
N∑
i=1
∂
∂x
(α)
i
{x
(α)
i ,H1, ...,HN−1}NB = 0, (54)
the Liouville theorem holds. This Nambu bracket (Eq. (53)), however, fails to satisfy the
fundamental identity (Eq. (6)) if the N -plets interact with each other [2, 10]. Therefore we
cannot define consistent canonical transformations of the N × n variables in general [1].
4.2. Hidden Nambu mechanics in many-degrees-of-freedom systems
Although the Nambu bracket has a serious problem in many-degrees-of-freedom systems,
it is still possible to extend our hidden Nambu formalism to such systems. The resulting
hidden Nambu mechanics is the Nambu mechanics without the fundamental identity.
We start from a Hamiltonian system of n canonical doublets with a Hamiltonian H =
H(q(1), p(1), ..., q(n), p(n)). Then we introduce N variables x
(α)
i = x
(α)
i (q
(α), p(α)) (i = 1, ..., N)
for each α. We assume that at least N − 1 of ∂(x
(α)
i , x
(α)
j )/∂(q
(α), p(α)) do not vanish for
each α. In this case, the time evolution of any function f˜(x
(1)
1 , ..., x
(1)
N , ..., x
(n)
1 , ..., x
(n)
N ) =
f(q(1), p(1), ..., q(n), p(n)) can be written via the Hamilton’s equation of motion,
df˜
dt
=
df
dt
=
n∑
α=1
∂(f,H)
∂(q(α), p(α))
=
1
2
n∑
α=1
N∑
i,j=1
∂(f˜ , F )
∂(x
(α)
i , x
(α)
j )
∂(x
(α)
i , x
(α)
j )
∂(q(α), p(α))
, (55)
where F (x
(1)
1 , ..., x
(1)
N , ..., x
(n)
1 , ..., x
(n)
N ) = H(q
(1), p(1), ..., q(n), p(n)). We introduce N − 2 func-
tions G
(α)
c = G
(α)
c (x
(α)
1 , ..., x
(α)
N ) (c = 1, ..., N − 2) that satisfy the consistency conditions for
each α,
1
(N − 2)!
N∑
k1,...,kN−2=1
εijk1···kN−2
∂(G
(α)
1 , ..., G
(α)
N−2)
∂(x
(α)
k1
, ..., x
(α)
kN−2
)
=
∂(x
(α)
i , x
(α)
j )
∂(q(α), p(α))
, (56)
then Eq. (55) can be rewritten in the same form as Eq. (7),
df˜
dt
= {f˜ , F,G1, ..., GN−2}NB, (57)
where the Hamiltonians Gc is defined as the sum of each G
(α)
c ,
Gc(x
(1)
1 , ..., x
(1)
N , ..., x
(n)
1 , ..., x
(n)
N ) =
n∑
α=1
G(α)c (x
(α)
1 , ..., x
(α)
N ). (58)
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The Nambu mechanics is hidden in classical many-degrees-of-freedom systems. The Liouville
theorem holds in the hidden mechanics, though the fundamental identity does not hold. Such
hidden Nambu mechanics is an example of dynamics without the canonical structure [14].
Taking the same procedure presented in Sect. 3.2, we can find the Nambu structure in
quantum/semiclassical many-degrees-of-freedom systems: (1) Start from the classical hidden
Nambu mechanics shown above. (2) Replace the Nambu N -plets with the correspond-
ing expectation values of quantum operators. For example, x1 = q
(1)q(2) → 〈qˆ(1)qˆ(2)〉. (3)
Determine the functional form of F . Use the zero-cumulant approximation if necessary.
(4) (G1, ..., GN−2) are given by the same functional forms as the classical forms. (5) If
(F,G1, ..., GN−2) are all conserved, the dynamics of the Nambu N -plets can be cast into the
Nambu form (Eq. (57)). In Sect. 5.2, we present a numerical demonstration of the semiclas-
sical dynamics of a two-body system.
5. Numerical results for semiclassical dynamics
Here we give two numerical results for N = 4 hidden Nambu mechanics equivalent to the
semiclassical frozen Gaussian wave packet dynamics in one- and two-degrees-of-freedom
systems. We choose the same systems as those used in the applications of the quantized
Hamiltonian dynamics [15]. We compare the results with the corresponding quantum and
classical results. In both systems, the time development in the Nambu and classical mechan-
ics are numerically evaluated by using the fourth order Runge–Kutta integrator,1 while
the propagation of the quantum wave function is numerically evaluated by a split-operator
method, which is a hybrid of the Cayley’s form and the Suzuki–Trotter decomposition [20].
As the initial wave function for the quantum dynamics, we take the Gaussian wave packet
ψFG(q, 0) (Eq. (46)). The initial conditions for the Nambu mechanics are given by the expec-
tation values of the quantum operators with respect to that initial state, and those for the
classical mechanics are given by the center of the initial wave packet (qc(0), pc(0)). We choose
the width of the initial wave packet as σ =
√
~/(2mω), for which the frozen Gaussian wave
packet dynamics becomes exact for a harmonic oscillator.
5.1. Metastable cubic potential
The first model is a quantum system which exhibits tunneling. Consider a one-dimensional
metastable system whose quantum Hamiltonian is given by2
Hˆ =
1
2m
pˆ2 +
mω2
2
qˆ2 +
g
3
qˆ3. (59)
The corresponding classical Hamiltonian isH = (1/2m)p2 + V (q), where V (q) is the classical
potential, V (q) = (mω2/2)q2 + (g/3)q3. We choose N = 4 Nambu variables, as in Eq. (43),
and the Nambu Hamiltonian F is then determined by the zero-cumulant approximation (Eq.
1 Similar to the symplectic integrator for Hamiltonian dynamics, we can formulate some volume-
preserving integrators for Nambu mechanics [18, 19].
2This metastable system has also been used in the applications of the symplectic semiclassical
wave packet dynamics [21].
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(36)),
F =
1
2m
x4 +
mω2
2
x3 +
g
3
(3x3x1 − 2x
3
1). (60)
For the frozen Gaussian wave packet dynamics, the Nambu Hamiltonians F and (G1, G2)
(Eqs. (49)–(50)) are conserved in the time evolution according to the semiclassical equations
(Eq. (45)),
d
dt
〈qˆ〉 =
1
m
〈pˆ〉,
d
dt
〈pˆ〉 = −mω2〈qˆ〉 − g〈qˆ2〉,
d
dt
〈qˆ2〉 ≃
2
m
〈qˆ〉〈pˆ〉,
d
dt
〈pˆ2〉 ≃ −2
(
mω2〈qˆ〉+ g〈qˆ2〉
)
〈pˆ〉. (61)
which are equivalent to the N = 4 Nambu equations (Eq. (31)). The initial conditions for
the Nambu mechanics are given as follows:
x1(0) = qc(0), x2(0) = pc(0),
x3(0) = q
2
c (0) +
~
2mω
, x4(0) = p
2
c(0) +
m~ω
2
. (62)
The classical potential V (q) is plotted in Fig. 1a, where we set the parameters ω = 1 and
g = 0.3 with the units ~ = m = 1. These parameters are the same as in Ref. [15]. The initial
wave function given by |ψ(q, 0)|2 = |ψFG(q, 0)|
2 is also shown in Fig. 1a, where we choose the
initial conditions as (qc(0), pc(0)) = (0, 1.8). The initial wave packet is located at the local
minimum of the classical potential V (q) and moves to the right.
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Fig. 1: (a) Classical potential V (q) (thick solid line) and initial Gaussian wave packet
|ψ(q, 0)|2 = |ψFG(q, 0)|
2 with (qc(0), pc(0)) = (0, 1.8) (thin solid line). The effective poten-
tial Vc(qc) (Eq. (63)) is also plotted as the dashed line. (b) Trajectories in the metastable
cubic potential system. The quantum trajectory 〈qˆ(t)〉, Nambu trajectory x1(t), and classical
trajectory q(t) are given by the dots, solid line, and dashed line, respectively.
The calculated trajectories of the quantum, Nambu, and classical mechanics are shown in
Fig. 1b. The quantum mechanical expectation value 〈qˆ(t)〉 moves to the right, bounces off
the wall, and moves to the left through the potential barrier, the top of which is located at
q = −3.3. This is an instance of quantum mechanical tunneling because the classical variable
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q(t) fails to go through the potential barrier and oscillates around the local minimum of
V (q). On the other hand, the Nambu variable x1(t) can reproduce the quantum mechanical
tunneling, although it deviates from the quantum result as time increases. This semiclassical
behavior of the Nambu variable can be understood as follows. The N = 4 Nambu mechanics
discussed here is equivalent to the variational dynamics of (qc, pc), whose time evolution is
given by Eq. (48). The effective Hamiltonian is Hc(qc, pc) = (1/2m)p
2
c + Vc(qc), where Vc(qc)
is the effective potential shown in Fig. 1a,
Vc(qc) =
mω2
2
q2c +
g
3
q3c +
~g
2mω
qc +
~ω
2
. (63)
The last two terms are proportional to the Planck constant ~ and generated by the quantum
correction. As shown in Fig. 1a, these terms lower the height of the potential barrier, and
there exists a region of initial values (qc(0), pc(0)) where the Nambu mechanics can tunnel but
the classical mechanics cannot. The initial conditions adopted here, (qc(0), pc(0)) = (0, 1.8),
are in such a region.
5.2. Simplified Henon–Heiles model
The second model is a quantum system which exhibits nonlinear energy exchange dynamics
between coupled oscillators. Consider a one-dimensional quantum system of two oscillators
whose Hamiltonian is given by
Hˆ =
1
2m1
pˆ21 +
1
2m2
pˆ22 +
m1ω
2
1
2
qˆ21 +
m2ω
2
2
2
qˆ22 + λ qˆ1qˆ
2
2. (64)
This is a simplified version of the quantum Henon–Heiles model [15, 22]. We choose N = 4
Nambu variables as follows:
x
(α)
1 = 〈qˆα〉, x
(α)
2 = 〈pˆα〉, x
(α)
3 = 〈qˆ
2
α〉, x
(α)
4 = 〈pˆ
2
α〉, (65)
(α = 1, 2). The Nambu Hamiltonian F is determined by the zero-cumulant approximation
(Eq. (36)),
F =
1
2m1
x
(1)
4 +
1
2m2
x
(2)
4 +
m1ω
2
1
2
x
(1)
3 +
m2ω
2
2
2
x
(2)
3 + λ x
(1)
1 x
(2)
3 . (66)
In case of the frozen Gaussian wave packet dynamics, the wave function is approximated by
the product of two Gaussian wave packets with fixed widths σ1 and σ2,
ψFG(q
(1), q(2), t) =
2∏
α=1
Cα exp
[
−
1
4σ2α
(
q(α) − q(α)c (t)
)2
+
i
~
p(α)c (t)
(
q(α) − q(α)c (t)
)]
, (67)
where Cα =
(
2piσ2α
)
−1/4
. Then, G
(α)
1 and G
(α)
2 can be written as
G
(α)
1 = x
(α)
3 − (x
(α)
1 )
2 = σ2α, (68)
G
(α)
2 = x
(α)
4 − (x
(α)
2 )
2 =
~
2
4σ2α
, (69)
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(α = 1, 2). The Nambu Hamiltonians F , G1 = G
(1)
1 +G
(2)
1 , and G2 = G
(1)
2 +G
(2)
2 are all
conserved in the following approximated dynamics:
d
dt
〈qˆ1〉 =
1
m1
〈pˆ1〉,
d
dt
〈pˆ1〉 = −m1ω
2
1〈qˆ1〉 − λ〈qˆ
2
2〉,
d
dt
〈qˆ21〉 ≃
2
m1
〈qˆ1〉〈pˆ1〉,
d
dt
〈pˆ21〉 ≃ −2
(
m1ω
2
1〈qˆ1〉+ λ〈qˆ
2
2〉
)
〈pˆ1〉,
d
dt
〈qˆ2〉 =
1
m2
〈pˆ2〉,
d
dt
〈pˆ2〉 ≃ −m2ω
2
2〈qˆ2〉 − 2λ〈qˆ1〉〈qˆ2〉,
d
dt
〈qˆ22〉 ≃
2
m2
〈qˆ2〉〈pˆ2〉,
d
dt
〈pˆ22〉 ≃ −2
(
m2ω
2
2〈qˆ2〉+ 2λ〈qˆ1〉〈qˆ2〉
)
〈pˆ2〉, (70)
which can be written in the N = 4 Nambu form,
d
dt
x
(α)
i = {x
(α)
i , F,G1, G2}NB =
2∑
β=1
∂(x
(α)
i , F,G1, G2)
∂(x
(β)
1 , x
(β)
2 , x
(β)
3 , x
(β)
4 )
. (71)
These equations are equivalent to semiclassical equations of motion derived from the
time dependent variational principle (Eq. (47)) using the frozen Gaussian wave packets
ψFG(q
(1), q(2), t) (Eq. (46)) as a trial wave function.
The initial wave function is given by ψFG(q
(1), q(2), 0), and corresponding initial conditions
for the Nambu mechanics are given using the parameterization σ2α = ~/(2mαωα),
x
(α)
1 (0) = q
(α)
c (0), x
(α)
2 (0) = p
(α)
c (0),
x
(α)
3 (0) = (q
(α)
c (0))
2 +
~
2mαωα
, x
(α)
4 (0) = (p
(α)
c (0))
2 +
mα~ωα
2
. (72)
With the units ~ = m1 = m2 = 1, we set the parameters to the same values as in Refs.
[15, 22], ω1 = 1, ω2 = 1.1, and λ = −0.11. We choose the initial conditions (q
(1)
c (0), p
(1)
c (0)) =
(0, 0) and (q
(2)
c (0), p
(2)
c (0)) = (1, 1), and then the two wave packets move in harmonic
potentials while weakly interacting with each other.
Here, we are interested in the dynamics of the harmonic mode energies defined as
〈Hˆα〉 =
1
2mα
〈pˆ2α〉+
mαω
2
α
2
〈qˆ2α〉, (73)
(α = 1, 2). The calculated harmonic mode energies for quantum, Nambu, and classical
mechanics are shown in Figs. 2a and 2b. The Nambu results are consistent with the quantum
mechanical results at t = 0, that is, the hidden Nambu mechanics can accurately capture
the effect of the zero-point energy. Although the Nambu results slightly deviate from the
quantum results as time increases, they can reproduce the energy exchange between two
oscillators. On the other hand, due to the lack of the zero-point energy effect, the classical
results are very different from the quantum mechanical results.
It should be noted here that the Nambu dynamics for two degrees of freedom (Eq.
(71)) is quite pathological, because, as mentioned in Sect. 4.1, the Nambu bracket used
in Eq. (71) fails to satisfy the fundamental identity (Eq. (6)) for N = 4. For example, for
(A1, A2, A3, A4) = (x
(2)
1 , x
(2)
2 , x
(1)
2 , x
(2)
4 ) and (B1, B2, B3) = (F,G1, G2), the left hand side of
Eq. (6) is zero, whereas the right hand side is −λ. That is, the interaction between two
oscillators violates the fundamental identity and the canonical structure is broken in the
hidden Nambu mechanics. However, by explicitly solving the constraints (Eqs. (68)–(69)),
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this Nambu mechanics can be reduced to the effective Hamiltonian dynamics where the time
evolution of the canonical doublets can be properly defined. Therefore the dynamics of two
oscillators considered here is anomalous as the Nambu mechanics, but not anomalous as the
Hamiltonian dynamics.
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(b) Harmonic mode energy 〈Hˆ2〉.
Fig. 2: Harmonic mode energies (Eq. (73)) of the simplified Henon–Heiles model with the
initial conditions (q
(1)
c (0), p
(1)
c (0)) = (0, 0) and (q
(2)
c (0), p
(2)
c (0)) = (1, 1). The results for quan-
tum, Nambu, and classical mechanics are given by the dots, solid line, and dashed line,
respectively.
6. Conclusions and future work
We have shown that the Nambu mechanical structure is hidden not only in classical Hamil-
tonian dynamics but also in some quantum or semiclassical dynamics. We focused on the
dynamics defined in an extended phase space spanned by N(≥ 3) quantum mechanical
expectation values.3 The dynamics of variables such as (〈qˆ〉, 〈pˆ〉, 〈qˆ2〉, 〈pˆ2〉) cannot be
described by the Hamilton’s equations of motion; however, if the system has a sufficient
number of conserved quantities, (F,G1, G2), their dynamics could be described by the N = 4
Nambu equations. We gave some quantum/semiclassical examples of hidden Nambu mechan-
ics including a many-degrees-of-freedom system. It would be interesting to investigate other
examples.
In many-degrees-of-freedom systems, however, the hidden Nambu mechanics become
anomalous, because interactions between multiple degrees of freedom violate the funda-
mental identity (Eq. (6)) [2, 10]. Since the fundamental identity would play a similar role
to the Jacobi identity in the Hamiltonian dynamics, its violation implies that it would be
difficult to formulate the Nambu statistical mechanics or quantize the Nambu mechanics.
On the other hand, in Hamiltonian dynamics, there also exists anomalous dynamics known
as nonholonomic dynamics [23], where the Jacobi identity is violated and the Hamiltonian
structure is broken [14]. Recently, a procedure has been proposed to recover the Hamilto-
nian structure and formulate a statistical theory of the nonholonomic dynamics [24]. This
3Our formalism could also be applied to statistical-mechanical expectation values.
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work might provide guidance for formulating a statistical theory of Nambu mechanics, and
our formalism presented in this article might provide example systems suitable for Nambu
statistical mechanics to be tested.
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